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The mass-varying neutrino scenario is analyzed for three trial quintessence potentials (Ferreira-
Joyce, inverse exponential, and thawing oscillating). The neutrino mass is generated via Yukawa
coupling to the scalar field which represents dark energy. The inverse exponential and oscillating
potentials are shown to successfully generate the neutrino masses in the range m ∼ 10−2− 10−3 eV
and to yield the current dark energy density in the regime of the late-time acceleration of the
Universe. Depending on the choice of potentials, the acceleration could occur in two different
regimes: (1) the regime of instability, and (2) the stable regime. The first regime of instability is
after the Universe underwent a first-order transition and is rolling toward the new stable vacuum.
The imaginary sound velocity c2s < 0 in this regime implies growing fluctuations of the neutrino
density (clustering). In the second regime, the Universe smoothly changes its stable states via a
continuous transition. Since c2s > 0, the neutrino density is stable. For all cases the predicted late-
time acceleration of the Universe is asymptotically very close to that of the ΛCDM model. Further
extensions of the theory to modify the neutrino sector of the Standard Model and to incorporate
inflation are also discussed.
I. Introduction
Understanding the origin of neutrino masses is one of
the biggest questions in modern high energy physics and
cosmology. Various experiments have conclusively estab-
lished the fact that neutrinos have a small mass (see Sec.
14.1. of [1]). Cosmological observations have put a strin-
gent upper bound [2] on the total neutrino mass of about
0.12 eV, while the tightest bounds of 1.1 eV from kine-
matic measurements have recently been reported by the
KATRIN collaboration [3]. On the other hand, lower
bounds of 0.06 eV come from measurement of the squared
mass difference in oscillation experiments (see Table 2.1
and Sec 14 of [1]). It is widely known that the origin of
neutrino masses will hold a clue to our understanding of
microscopic physics beyond the Standard Model of par-
ticle physics (see [4] for a pioneering reference; see also
[5–7], among others). Neutrinos are massless in the Stan-
dard Model of particle physics since there are no right
handed neutrinos, and thus a large number of beyond-
the-Standard-Model theories have been proposed to ex-
plain the origin of neutrino masses. These include the
seesaw mechanisms, R-parity violating supersymmetry,
and theories based on extra dimensions, among others –
a comprehensive review is provided in [8].
Another outstanding problem in modern cosmology is
trying to understand the origin and properties of dark en-
ergy (DE), the hypothetical substance generally believed
to be causing the observed accelerated expansion of the
Universe. Current observations suggest that about 68%
of the Universe is dominated by this mysterious form of
energy [2]. Several authors propose that the accelerated
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expansion can be explained by a modification of the gen-
eral theory of relativity (see [9–11] for some early work,
[12] for a recent review, and [13] for updates on some de-
velopments). Within the framework of general relativity,
there are two most popular candidates for DE, namely
the cosmological constant (see [14–16] for reviews) and
the scalar field DE, known also as dynamical DE (com-
prising of quintessence [17–20] and phantom DE [21–24];
see [25] for a more detailed discussion on the classifica-
tion and observational tests). The dynamics in the latter
case is assumed to be similar to the scalar field dynam-
ics purported to cause inflationary expansion of the early
Universe (see [26–28] for the original works, [29–31] for
reviews). In a recent work [32], the authors have obtained
observational constraints on various DE potentials.
A related puzzle is the coincidence problem – at
the present epoch, the energy densities of dark matter
(DM) and DE are of comparable magnitudes, and these
are again comparable to that of cosmological neutrinos,
within a few orders of magnitude. A lot of work has been
done (see e.g., [33–35]; a more up to date discussion is
presented in [36]) to understand the dark sector coinci-
dence, and an extension was made to the case of neu-
trinos by Fardon, Nelson, and Weiner [37] (called FNW
henceforth), followed by Peccei [38]. These works pre-
dict a time dependent mass for the DM particles and the
neutrinos. In the FNW model a scalar DE field ϕ in-
teracts with the fermionic field of neutrinos through a
Yukawa coupling. This model, henceforth referred to as
the mass varying neutrino (MaVaN) scenario, is promis-
ing to addresses the coincidence problem in the context
of neutrinos [38] in addition to a straightforward expla-
nation of the neutrino mass beyond the Higgs mechanism
of the Standard Model.
A few issues had been pointed out [39, 40] with the
2FNW model, one of them being the strong instability of
the DE-ν fluid due to a negative speed of sound, c2s < 0.
Various authors have introduced more complexities into
the model to get rid of the instabilities. Chitov, August,
Natarajan, and Kahniashvili [41] (henceforth referred to
as CANK) have taken this simple minimal FNW model
with the Ratra-Peebles DE potential [17] and analyzed
its evolution with the expansion (cooling) of the Universe
in the framework of the finite-temperature quantum field
theory. In this choice of featureless potential the neu-
trino mass arises from an interplay between the bosonic
and fermionic contributions, locking the fermionic field
around a non-trivial minimum of the thermodynamic po-
tential. Their analysis predicted the existence of stable,
metastable, and unstable phases of the combined DE -
neutrino fluid. In this approach, the instability men-
tioned by Afshordi et al. [39] is not an intrinsic flaw of
the model. The vanishing velocity of sound is shown to
be a physically consistent property of the model at the
critical point of the first-order phase transition (known
also as spinodal decomposition). It describes physically
the characteristics of the Universe today in a way that is
consistent with observations – the Universe is in an un-
stable phase below the critical temperature and slowly
rolling towards the stable equilibrium (i.e., the true vac-
uum).
In their work, CANK had performed an analysis for
a specific potential, namely the Ratra-Peebles potential
(referred to as RP henceforth) [17]. In the present work,
we extend the analysis to some more potentials, namely
the Ferreira-Joyce potential, the inverse exponent poten-
tial, and a periodic potential. The rest of the paper is or-
ganized as follows: In Sec. II we present a brief overview
of the formalism and notations. In Secs. III, IV, and V
we present the analysis for the three different DE poten-
tials. In Sec. VI, we present our conclusions and discuss
the planned future extensions of this work. More techni-
cal details on derivations and short overview of [41] are
given in the Appendices.
All throughout this work, we use the (+−−−) metric
signature, and the natural units ~ = c = kB = 1. To
avoid cumbersome notation, a few symbols are reused
to denote analogous quantities for separate potentials –
these symbols are to be interpreted in the context of that
potential.
II. Overview of the formalism
In this section, we introduce the FNW model [37] for
mass varying neutrinos and review the salient features
of the formalism developed in the paper by CANK [41].
The model consists of a scalar field ϕ which acts as the
quintessence dark energy DE; this field has a potential
U(ϕ). The neutrinos are described by the Dirac spinor
field ψ with zero chemical potential 1. The Universe
is assumed to be described by the Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) metric, ds2 = dt2 − a2(t)dx2
where t is the physical time and a(t) is the scale factor of
the Universe. This is related to the total energy density
ρtot and total pressure Ptot by the Friedmann and the
continuity equations [42, 43],
H2(t) =
(
a˙
a
)2
=
8πG
3
ρtot ,
ρ˙tot +
3a˙
a
(
ρtot + Ptot
)
= 0 ,
(1)
where the dot represents a derivative with respect to t.
The critical density at the present time is ρcrit,0 =
3H20/8πG = 8.4 × 10−11h2 eV4, where H0 =
100 h km s−1Mpc−1 is the Hubble parameter at the
present time. It is assumed that the energy density in
matter (DM and baryons) accounts for about 30% of the
total energy density, ΩD = ρD,0/ρcrit,0 ≈ 0.3, and the
rest is in the DE-ν (the contribution from photons can
be neglected at the present time, but is important at
earlier times), Ωϕν,0 = ρϕν,0/ρcrit,0 ≈ 0.7.
The Lagrangian of the free Dirac field with mass MF
is
LF = ψ¯
(
i✁∂ −MF
)
ψ , (2)
where ✁∂ is written in the Feynman slash notation, i.e.,
✁∂ ≡ γµ∂µ, with the γ’s being the Dirac matrices. Using
the equilibrium finite-temperature quantum field theory
[44], the pressure PF and the free energy FF are found
2
to be
PF = −FF = −F0 + 1
3π2
∫ ∞
0
dp p4
ǫ(p)
[
nF (ǫ+) + nF (ǫ−)
]
,
(3)
where F0 = − 2(2pi)3
∫
d3p ǫ(p), ǫ(k) =
√
p2 +M2F , ǫ± =
ǫ± µ, and nF (x) = (eβx + 1)−1.
The Yukawa coupling between the scalar and the neu-
trinos is of the form,
Lcoupling = −gψ¯ϕψ , (4)
g being the coupling constant. We can write the partition
function in terms of an effective bosonic action SEeff(ϕ),
Zϕν =
∫
DϕeSEeff (ϕ) =
∫
DϕeSEB+log det Dˆ(ϕ) , (5)
where,
Dˆ(ϕ) = −β
[
∂
∂τ
− iγ
0
γ · ∇
a
+ γ0gϕ− µ
]
, (6)
1 For more details on this point, see [41]
2 Some details are in Sec. II B, C, and D of CANK.
3and SEB is the Euclidean action of the bosonic field ϕ. If
the effective action SEeff(ϕ) is minimized at the constant
value ϕ = ϕm, which is the expectation value of the field
ϕm = 〈ϕ〉, then from eq. (6) we see that the fermion gets
an effective mass,
m = gϕm . (7)
At ϕ = ϕm, we can write,
Zϕν = ZF e−βV U(ϕm) , (8)
which gives us Fϕν(ϕm) = U(ϕm) + FF (ϕm). This is
a saddle-point approximation, and it is self-consistent if
the thermodynamic potential is minimized at ϕ = ϕm,
∂Fϕν(ϕ)
∂ϕ
∣∣∣∣
µ,β;ϕ=ϕm
= 0,
∂2Fϕν(ϕ)
∂ϕ2
∣∣∣∣
µ,β;ϕ=ϕm
> 0 .
(9)
Taking the derivative of eq. (8) at ϕm, and using the
first of eq. (9), we get the fermionic mass equation,
U ′(ϕm) + gρs = 0 , (10)
where ρs is the scalar fermionic density (or the chiral
condensate density),
ρs =
m
π2
∫ ∞
0
dp p2
ǫ(p)
[
nF (ǫ+) + nF (ǫ−)− 1
]
. (11)
The potentials are redefined with respect to their vac-
uum values, i.e., FF 7→ FF−F0 (which is equivalent to re-
defining PF 7→ PF −P0 with P0 = −F0) and ρs 7→ ρs−ρ0
with ρ0 = −(m/π2)
∫∞
0 dp p
2/ǫ(p). One can rewrite the
integrals in eqs. (3) and (11) in a more amenable form
by the substitution z = βǫ.
In what follows we adopt the notations for dimension-
less parameters used in CANK:
κ ≡ gϕ
T
=
m
T
, ∆ ≡ M
T
, FR ≡ Fϕν
M4
, (12)
where M is the mass scale of the potential, to be spec-
ified below for each case considered. In addition we set
the dimensionless Yukawa coupling g = 1 in the follow-
ing, which is equivalent to some rescaling [41]. Then we
obtain
PF =
2NF
3π2β4
I 3
2
(κ), ρs =
2NFm
π2β2
I 1
2
(κ) , (13)
where
Iν(κ) ≡
∫ ∞
κ
dz
(
z2 − κ2)ν
ez + 1
. (14)
For the equation (10) to have a solution, the poten-
tial U(ϕ) should be decreasing, at least in some range of
parameters. For all DE potentials satisfying the above
condition, there are only certain ranges of parameters
(phases) for which a viable solution for nontrivial min-
imum of Fϕν exists. The interested reader is referred
to the end of Sec. III of CANK for a more detailed
discussion. Some results for the RP potential are pro-
vided in Appendix A for comparison with our results for
other potentials, and as a useful refresher. For all three
quintessence potentials considered in this paper, as well
as the RP potential, we find that the interaction between
the fermionic and scalar fields results in new nontrivial
minima of the coupled thermodynamic potentials.
Along with the fermionic mass defined above, we will
need the mass of the scalar field. Fϕν(ϕ) is the finite-
temperature counterpart of the effective potential known
from the quantum field theory at T = 0, see, e.g, [45].
The mass of the field ϕ is defined as
m2ϕ ≡
∂2Fϕν(ϕ)
∂ϕ2
∣∣∣∣
ϕ=ϕm
=
(
∂2U(ϕ)
∂ϕ2
− 2NF
3π2β2
I
′′
3
2
(κ)
) ∣∣∣∣∣
ϕ=ϕm
. (15)
Note that this mass contains the fermionic contribution
which “renormalizes” the “bare” value due to the scalar
potential contribution U ′′(ϕ).
The adiabatic sound velocity cs for the ϕν fluid is
found from the definition
c2s ≡
dPϕν
dρϕν
, (16)
where Pϕν = −Fϕν is the pressure and ρϕν = U(ϕ) +
2NF
pi2
∫∞
0 dp p
2 nF (ǫ) ǫ is the energy density of this fluid.
In terms of κ we can write
ρϕν = U(ϕ) +
2NF
π2β4
Iε(κ) , (17)
where
Iε(κ) ≡
∫ ∞
κ
dz z2
(
z2 − κ2)1/2
ez + 1
. (18)
The definition in eq. (16) yields [41]
c2s =
∂P
∂∆
∂ρ
∂∆ +
∂ρ
∂κ κ˙m
∣∣∣∣∣
κ=κm
, (19)
where
κ˙m ≡ dκ
d∆
∣∣∣
κ=κm
, (20)
and κ is related to ∆ through the mass equation, eq.
(10). For an arbitrary quintessence potential which can
be written as a function ofm/M ≡ κ/∆ and in the range
of parameters where a non-trivial minimum satisfying eq.
(10) exists, the equation for the speed of sound, eq. (19),
can be written in the form most convenient for calcula-
tions as
c2s =
4
3I
3
2
(κ) + κ2I 1
2
(κ)
4Iε(κ)− κ2I 1
2
(κ) +
[
κI 1
2
(κ)−I ′ε(κ)
]
∆κ˙m
∣∣∣∣∣∣
κ=κm
.
(21)
4κ˙m, determined from the minimum equation eq. (10), is
the only explicitly potential dependent term in the above
expression.
The equation of state for the ϕν fluid is parameterized
via
wϕν ≡ Pϕν
ρϕν
. (22)
In the following we will need high- and low-temperature
asymptotes of the above fermionic integrals. One can
find
I 3
2
(κ) =


7pi4
120 − pi
2
8 κ
2 +O(κ4 log κ) , κ < 1
3κ2K2(κ) +O(e−2κ) , κ & 1
(23)
whereKν(x) is the modified Bessel function of the second
kind. Similarly,
I 1
2
(κ) =


pi2
12 − 14κ2 log κ− (18 + log pi−γ4 )κ2+
+O(κ3 log κ) , κ < 1
κK1(κ) +O(e−2κ) , κ & 1
(24)
where γ is Euler’s gamma constant. We will also need
Iε(κ) =


7pi4
120 − pi
2
24κ
2 +O(κ4 log κ) , κ < 1
3κ2K2(κ) + κ
3K1(κ) +O(e−2κ) , κ & 1
(25)
III. The Ferreira-Joyce potential
This potential of the form
U(ϕ) =M4e−ϕ/Mϕ (26)
was proposed in [46] and discussed recently in [25]. In
this work we do not preset the scales forM and Mϕ, and
treat them as two independent adjustable mass param-
eters required to consistently yield the neutrino masses
and the experimental value of the present DE density.3
We define
λ ≡M/Mϕ . (27)
Thus, in terms of parameters in eq. (12) we will be deal-
ing with the dimensionless thermodynamic potential
FR = e
−κλ/∆ − 2NF
3π2∆4
I 3
2
(κ) . (28)
The minimum (mass) equation, eq. (10), reads
π2λ
2NF
∆3 = κ eκλ/∆I 1
2
(κ) ≡ I∆ . (29)
3 The scale Mϕ is typically taken to be the Planck mass, see for
example [32]. In this work the fitting yields Mϕ & O(eV).
We denote as κm the value of κ which solves (29) and
minimizes FR.
As opposed to the case of the RP potential, the right
hand side of the mass equation is ∆-dependent (compare
with eq. (A2)). In Fig. 1, we plot the integral I∆(κ) by
choosing a fiducial value of λ = 0.3 and various values of
∆, and in Fig. 2, we plot the thermodynamic potential
in eq. (28) for the corresponding cases. The red curves
denote the critical temperature (we call it ∆ = ∆c) when
the local minimum of the potential FR disappears (and
eq. (29) no longer has a nontrivial solution). The blue
curves denote the stable phase ∆ < ∆c, and the purple
curve is after the phase transition, ∆ > ∆c, when the
minimum equation has no solution. For ∆ > ∆c, i.e., in
the unstable phase, the field ϕ rolls towards the global
minimum at ϕ→∞. The green curves denote the point
of metastability, ∆ = ∆0, when the pressure of the ϕν
fluid vanishes (see Fig. 2). The dashed horizontal lines
in Fig. 1 denote the right hand side of eq. (29) for the
corresponding values of ∆.
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FIG. 1. Thermodynamically stable solutions (κm) of eq. (29)
for λ = 0.3 and different values of ∆, showing a stable (blue)
state, the metastable (green) state, the critical point (red),
and a state after the phase transition (purple). The dashed
line corresponding to the left hand side of eq. (29) for the
purple I∆ curve lies beyond the range of the plot. Here κc is
the solution of the gap equation at ∆ = ∆c, and κo is that at
∆ = ∆o.
To estimate the critical point, we first need to deter-
mine the local maximum of I∆; the value of the integral
I∆ at this point should satisfy the mass equation eq.
(29). Making the low-temperature approximation to I∆,
we evaluate the critical quantities,
κc ≈ 3
2
√
1 +B/λ8/3 + 1√
1 +B/λ8/3 − 1
,
∆c =
λ
2
(
1 +
√
1 +B/λ8/3
)
,
(30)
where B = 6pie
(
2N2F
)1/3
. Note that these are rough es-
timates, and for all our plots we use the exact numerical
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FIG. 2. The thermodynamic potential, FR, as given by eq.
(28) is plotted for the cases in Fig. 1. The stable solutions
of eq. (29) minimize the corresponding potentials, and are
indicated here by big filled dots.
solutions. As for the RP potential, we can derive an ap-
proximate expression for the fermion mass for the stable
phase ∆ < ∆c. At very high temperatures T ≫ M the
approximation I∆(κ) ≃ pi212κ yields the fermion mass
m ≈ 6λ
NF
M3
T 2
, (31)
and the mass of the scalar field in this regime is
mϕ ≈ NF
6
T 2
M
. (32)
It is easily checked that just as for the case of the RP
potential (see eq. (65) of CANK), the fermion mass ap-
proaches the critical value as mc − m ∼ (T − Tc)1/2.
Indeed near the critical point,
1−
(
Tc
T
)3
=
3
4
(
κm
κc
− 1
)2
, (33)
from which the above critical exponent is calculated in a
straightforward manner. The scalar field mass vanishes
at the critical point, since this is an inflection point of
the thermodynamic potential. The masses m and mϕ in
units of M are plotted in Fig. 3.
To analyze the sound velocity, we derive the explicit
formula for
d log κm
d log∆
=
3 + λκ/∆
1 + λκ/∆+
d logI1/2(κ)
d log κ
∣∣∣∣∣
κ=κm
(34)
from eq. (29) and use it in eq. (21). We find that ev-
erywhere at T > Tc, including the stable and metastable
massive phases c2s > 0 (wϕν < 0 for the latter) the model
is stable with respect to the density fluctuations.
At high temperatures ∆ ≪ 1 and κm ≪ 1 one can
find from eq. (21), using the asymptotes in eqs. (23),
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FIG. 3. Temperature dependence of the fermion and scalar
masses for the Ferreira-Joyce potential with λ = 0.3
(24), and (25), that c2s ≈ 13 , as expected for a rela-
tivistic gas. The sound velocity decreases with decreas-
ing temperature, and it vanishes at T → T+c . Qualita-
tively, the vanishing speed of sound is due to divergent
κ˙m at the critical point. Indeed, near the critical point
m−mc ∝ (T − Tc)1/2, thus
dκm
d∆
∣∣∣∣
κ=κc
∝ ∂m
∂T
∣∣∣∣
Tc
∝ 1√
T − Tc
→∞ . (35)
The sound velocity, therefore, drops to 0 at the critical
point.
After the phase transition, there is no nontrivial solu-
tion of eq. (29) for the minimum, and κ˙m in the defining
eq. (19) is absent. The stable solution is the global mini-
mum of FR at κ→∞, and from eq. (19) we formally ob-
tain c2s = −1 at T < Tc. The exact numerical calculation
of c2s is plotted in Fig. 4. Note however that the deriva-
tion within the equilibrium approach leading to the exact
value c2s = −1 may be questioned for the temperatures
T < Tc. However the imaginary sound velocity below Tc
indicates correctly the physical effect of growing density
fluctuations due to instability (also known as clustering
according to Wetterich and collaborators [47–50]) which
are expected to occur in a system going through the first
order phase transition.
A. Dynamics after the transition
After the phase transition the evolution of the cou-
pled ϕν model cannot be described by small oscillations
around the stable solutions obtained by minimization,
and its dynamics is governed by the equations of motion
eq. (A5) coupled to the Friedmann equations. It was
shown by CANK from numerical analyses that the exact
numerical solution of the dynamics governed by eq. (A5)
oscillates around the mean solution given by setting the
right hand side of eq. (A5) to zero.
For the Ferreira-Joyce potential we get, following this
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FIG. 4. Temperature dependence of the speed of sound c2s in
the ϕν fluid for the Ferreira-Joyce potential with λ = 0.3.
analytic method,
ρs,c
M3
= λ exp
(
− 3
R− 1
)
, (36)
where R =
√
1 +B/λ8/3. The mean ϕ after the transi-
tion, denoted by ϕ¯, is given by
e−λϕ¯/M = e−3/(R−1)
(
T
Tc
)3
, (37)
where M4e−3/(R−1) is the energy density in the ϕν fluid
at the phase transition. As in CANK, we set a value of
one of the two independent parameters of the model, i.e.,
M , relating it to DE density at the present time ρϕ,now
getting thus
M(λ) =
ρϕ,now
(Tnow∆c)3
e3/(R−1) =
8ρϕ,now(
Tnowλ(1 +R)
)3 e3/(R−1) ,
(38)
where Tnow is the present temperature. We evaluate the
current neutrino mass from
mnow(λ) = ϕnow =
M
λ
log
M4
ρϕ,now
. (39)
In Tab. I, we list the values of M and mnow for var-
ious choices of λ. One can see that the reasonable
neutrino masses consistent with the current DE den-
sity are obtained in the range of the model parameters
M ∼ 0.2 · 10−3 eV and Mϕ =M/λ ∼ 6− 7 eV.
In Fig. 5, we show the relative energy densities of the
various components of the Universe, and in Fig. 6, we
show the evolution of the equation of state parameter of
the entire Universe. Note that as opposed to the choice of
λ = 0.3 for the earlier diagrams in this section, we have
now chosen λ = 0.01 (giving us M = 0.073 eV) purely
for visual purposes. For completeness, we mention here
that for a component I, the relative energy density is
defined as ΩI(z) ≡ ρI (z)ρtot(z) with z being the redshift and
λ M (eV) mnow (eV)
1 74.37 3085.25
10−1 0.73 167.28
10−2 0.07 99.77
10−3 0.007 32.76
4× 10−4 0.0029 6.38
3.25 × 10−4 0.0024 0.35
TABLE I. Approximate neutrino masses at the present epoch
for various choices of λ for the Ferreira-Joyce potential.
ρtot(z) is the total energy; similarly the equation of state
parameter of the entire Universe is wtot ≡ Ptot(z)ρtot(z) .
We note from Fig. 5, as well as from eq. (37) that the
ϕν fluid essentially behaves like a nonrelativistic matter
component after the phase transition. Even though it
leads to viable masses for neutrinos in a certain range
of the parameter space, the Ferreira-Joyce potential is
unable to produce an exponential expansion at late times.
This rules out the use of this potential for the MaVaN
scenario.
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FIG. 5. The relative densities of photons, matter, and the ϕν
fluid as a function of redshift z for the case of the Ferreira-
Joyce potential. Here, z⋆ ≈ 134.38 denotes the epoch of
matter-DE equality, and zc ≈ 92.22 denotes the redshift at
which the temperature crosses Tc. Note that we are plotting
the temperatures for 1 + z ≤ 107, i.e., T . 2.35KeV, that
is, well below the epoch of e− − e+ annihilation which corre-
sponding to T ∼ 0.5MeV. As discussed above, the late time
behavior is in contradiction to the observed evolution of the
Universe.
IV. The Inverse exponent potential
Potentials like these were discussed by Caldwell and
Linder [20]. We take it in the form,
U(ϕ) =M4 eMϕ/ϕ , (40)
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FIG. 6. Equation of state for the entire Universe as a function
of redshift for the Ferreira-Joyce potential. The redshift range
is the same as in Fig. 5. It is clearly seen that the net equation
of state at late times is unable to produce an exponential
expansion.
where M and Mϕ are two independent mass parameters,
analogous to those for the Ferreira-Joyce potential. Using
the dimensionless notations (12) and (27), the normalized
thermodynamic potential is,
FR = e
∆/κλ − 2NF
3π2∆4
I 3
2
(κ) , (41)
and the fermion mass equation becomes4,
π2
2NFλ
∆5 = e−∆/κλκ3I 1
2
(κ) ≡ I∆(κ) . (42)
We plot the integral I∆(κ) for a fiducial value of λ = 5
and various values of ∆ in Figs. 7, and in Fig. 8, we
plot the thermodynamic potential in eq. (41) for the
corresponding cases.
Since the analytical analysis of the minimum equation
eq. (42) and related results for this potential are quite
involved, we have relegated this material to the Appendix
B. The outcome for the stable and metastable phases for
this model are qualitatively similar to the case of the
Ferreira-Joyce potential above. Analogous to eq. (33),
we have,
1−
(
Tc
T
)5
=
(
7
4
+
∆c
λκc
)(
κm
κc
− 1
)2
, (43)
where the approximate analytic expressions for the criti-
cal values on the right hand side are given in eqs. (B14)
and (B15) respectively. As before, the fermion mass ap-
proaches the critical value asmc−m ∼ (T−Tc)1/2, while
4 Note that the I∆ defined above in eq. (42) is not the same as the
integral with the same name used in Sec. III; we merely reuse
the notations.
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FIG. 7. Thermodynamically stable solutions (κm) of eq. (42)
for λ = 5 and different values of ∆, showing a stable (blue)
state, the metastable (green) state, the critical point (red),
and a state after the phase transition (purple) for which the
dashed line denoting the LHS of eq. (42) lies beyond the range
of the plot. Here again κc is the solution of the gap equation
at ∆ = ∆c, and κo is that at ∆ = ∆o.
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FIG. 8. The thermodynamic potential, FR, as given by eq.
(41) is plotted for the cases in Fig. 7. The stable solutions
of eq. (42) minimize the corresponding potentials, and are
indicated here by big filled dots.
the scalar field mass vanishes at the critical temperature
Tc. The exact numerical solutions of the equations for
the fermion and the scalar field masses are plotted in
Fig. 9.
To calculate the speed of sound we found
d log κm
d log∆
=
5 + ∆λκ
1 + ∆λκ +
d logI1/2(κ)
d log κ
∣∣∣∣∣
κ=κm
(44)
from eq. (42) and used it in eq. (21). The model is stable
with respect to the density fluctuations everywhere at
T > Tc (including the metastable phase where wϕν <
0), since c2s > 0. Similarly to the case of the Ferreira-
Joyce potential, the parameter κ˙m → ∞ is divergent at
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FIG. 9. Temperature dependence of the fermion and scalar
masses for the inverse exponent potential with λ = 5.
the critical point Tc of the first-order phase transition,
so c2s → 0 as T → T+c . As explained for the Ferreira-
Joyce potential, the equilibrium thermodynamics yields
c2s = −1 for T < Tc after the transition. The numerical
results for the speed of sound are shown in Fig. 10.
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FIG. 10. Temperature dependence of the speed of sound c2s
in the ϕν fluid for the inverse exponent potential with λ = 5.
A. Dynamics after the transition
Similarly to eq. (36) we can derive the expression for
the critical scalar density,
ρs,c
M3
=
λ
S2
e1/S , (45)
where S = 27 +
7
2e
7/5(aλ4)1/5; the critical energy density
is given by,
ρϕ,c
M4
= e1/S . (46)
The mean solution for ϕ (about which the exact solution
is expected to rapidly fluctuate, as mentioned previously)
is given by,
(
M
λϕ¯
)2
eM/λϕ¯ =
e1/S
S2
(
T
Tc
)3
. (47)
As in the previous section, we make an estimate for M ,
M(λ) =
S2e−1/Sρϕ,now
(Tnow∆c)3
log2
ρϕ,now
M4
. (48)
and the neutrino mass at the present time,
mnow(λ) = ϕ¯now =
M
λ
1
log
ρϕ,now
M4
. (49)
As before, we list the values of M and mnow for various
choices of λ in Tab. II.
λ M (10−3 eV) mnow (eV)
1 2.32831 5.541
2 2.3283 2.591
10 2.32825 0.443
100 2.32817 0.035
103 2.32807 0.0028
104 2.32795 0.000225
TABLE II. Same as in Tab. I, but for the inverse exponent
potential.
Finally, in Figs. 11 and 12, we show the relative energy
densities of the various components of the Universe and
the equation of state parameter of the entire Universe.
Again, we have changed the value of λ for these two plots,
choosing λ = 200 for visual purposes.
Thus, the inverse exponent as a trial quintessence po-
tential appears to be a viable candidate for the MaVaN
scenario, including the late time accelerating era of the
Universe.
V. The Oscillating Potential
This is a potential proposed in the context of thawing
and pseudo Nambu-Goldstone models (see Ch. 7 of [25]
for more details); the potential varies as cos2( ϕMϕ ), where
Mϕ is as above. To utilize it for the MaVaN scenario, we
shift the original ansatz [25] to the form
U(ϕ) =M4
[
1 + cos2
(
ϕ
Mϕ
)]
. (50)
In the dimensionless notations of eqs. (12) and (27) the
thermodynamic potential reads
FR = 1 + cos
2
(
κλ
g∆
)
− 2NF
3π2∆4
I 3
2
(κ) , (51)
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FIG. 11. The relative densities of photons, matter, and the
ϕν fluid as a function of redshift for the case of the inverse
exponent potential. As before, z⋆ ≈ 0.33 denotes the epoch
of matter-DE equality, and zc ≈ 1.97 denotes the redshift at
which the temperature crosses Tc. The late time evolution
of the Ω’s are consistent with the observed evolution of the
Universe.
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FIG. 12. Equation of state parameter for the entire Universe
as a function of redshift for the inverse exponent potential.
We see that the w today is below −1/3, necessary for the
accelerated expansion of the Universe.
while the minimum equation is
λ∆3π2
2NF
sin
(
2κλ
g∆
)
= κI 1
2
(κ) . (52)
One can check that at high temperatures T > Tc only
a trivial solution of the minimum equation κ = 0 exists.
It corresponds to the global minimum of the thermody-
namic potential eq. (51) (see Fig. 13). In this phase the
fermion field is massless m = 0, while the mass of the
scalar field is found exactly to be
m2ϕ
2λM2
=
T 2
T 2c
− 1 , T > Tc . (53)
At the critical temperature (found exactly from eq. (52))
Tc =
√
12
NF
λM ↔ ∆c = 1
λ
√
NF
12
(54)
a nontrival solution of eq. (52) corresponding to a new
global minimum of the potential eq. (51) appears, sig-
nalling a phase transition and the fermion mass genera-
tion. To analyze the nature of this transition we expand
both sides of eq. (52) at T < Tc to the order O(κ2) and
bring it with the help of eq. (24) to the form:
κ2 log
κ
κc
=
π2
3
(
T 2c
T 2
− 1
)
, (55)
where
κc ≡ e−C , C(λ) = 8λ
4π2
3NF
− log π + γ − 1
2
. (56)
We infer from eq. (55) that along with the trivial solution
κ = 0, a new root κ = κc solves this equation at T = Tc.
The nature of this transition depends on the parameter
λ. We define the borderline value λ∗ = 0.59 (NF = 3)
such that C(λ∗) = 0, i.e., κc(λ∗) = 1. As follows from
the above equations, at
λ < λ∗ : κc > 1 , (57)
so the order parameter experiences a considerable discon-
tinuity at the critical point, thus the transition is strongly
of the first order.
In this work we are particularly interested in the choice
λ = 1 , (58)
i.e., in a possibility to handle the entire MaVaN sce-
nario with a single adjustable parameterM . In this case
C(1) = 7.7 and
κc = 4.5 · 10−4 , (59)
so the transition is only very weakly of the first order,
i.e., almost continuous.
Before presenting more results, let us first point out
several qualitative differences between the ϕν model with
oscillating potential and the cases of the RP [41] or the
above exponential potentials. In the three latter cases
the thermodynamic potential of the ϕν model develops
a nontrivial global minimum starting at arbitrary high
temperatures, i.e., fermions get massive from the start.
The system evolves with the temperature (time) through
the metastable phase (local minimum) to the critical
point of instability, where the minimum disappears and
the model must reach the new global minimum at ϕ→∞
via a discontinuous first order transition. After the criti-
cal point, the equilibrium methods are inapplicable, and
the model must be analyzed in the framework of dynam-
ics or kinetics. The model coupled to oscillating poten-
tial develops a trivial global minimum at ϕ = 0, i.e.,
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fermions stay massless all the way until the system cools
down to T = Tc. At Tc the point ϕ = 0 becomes a maxi-
mum, while the new nontrivial minimum which appears
at ϕ = ϕc (or at κc in terms of dimensionless parame-
ters). It evolves smoothly and stays global all the way
down to T → 0 (or t→∞.) That is why we can use the
equilibrium approach to deal with this case at all tem-
peratures. The system stays locked near that minimum
even after the thermodynamic potential becomes posi-
tive, i.e., the pressure becomes negative. The latter case,
according to the standard thermodynamic wisdom [51],
signals metastability, even if the minimum is global.
In Fig. 13 we plot the thermodynamic potential FR(κ)
at several temperatures T > Tc and T < Tc during the
evolution (we set λ = 1). The point of metastability T◦ <
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FIG. 13. The thermodynamic potential given by eq. (51),
plotted for progressively increasing values of ∆. The blue
curve is for ∆ < ∆c, the red curve corresponds to ∆c when
the potential just starts to develop a minimum at κ 6= 0, the
green curve is for ∆◦, and the purple curve is for ∆ > ∆◦.
In the inset, we plot some of these features more closely. The
red and green curves are the same as before, while the blue
and purple curves are plotted with slightly different values
of ∆ for visula purposes. The brown curve denotes a stage
after crossing Tc when the distinct nontrivial minimum can
be seen.
Tc where the potential at the global minimum vanishes
was found numerically:
∆◦ = 0.95 7−→ T◦ = 1.05M, m◦ = 1.36M . (60)
The subleading logarithmic corrections (55) modify the
behavior of the order parameter. In the extremely nar-
row vicinity of transition Tc−T ≪ Tc and m−mc ≪ mc
one finds m−mc ∝ Tc−T , but this is hardly practically
important because of eq. (59). (The fluctuations in the
immediate vicinity of Tc invalidate the mean-filed predic-
tions anyway.) Further in the ordered phase near Tc the
following approximate behavior is found:
m
Tc
≈
√
τ
log1/2 (
√
τ/κc)
, τ ≡ 2π
2
3
(
1− T
Tc
)
, T . Tc .
(61)
It is like the second-order transition order parameter,
modified by multiplicative logarithmic corrections. Deep
in the ordered phase at T ≪ Tc the mass
m ≈ πM
2λ
, T ≪ Tc (62)
is determined by the minimum of the scalar potential
U(ϕ), up to exponentially small fermionic corrections.
The mass of the scalar field near Tc behaves as
m2ϕ
2λM2
≈ 2
(
T 2
T 2c
− 1
)
+
3
π2
m2
T 2c
, T . Tc . (63)
Note that it has some (small, cf. eq. (59)) residual value
at T → T−c , which is consistent with the fact that con-
trary to other potentials considered, Tc is not an inflec-
tion point of the free energy for the case of oscillating
potential. Deep in the ordered phase:
mϕ ≈
√
2λM , T ≪ Tc . (64)
The numerical solution of the equations for m and mϕ
yields the results plotted in Fig. 14.
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FIG. 14. Temperature dependence of the fermion and scalar
masses for the oscillating potential with λ = 1.
At T > Tc when the minimum equation eq. (52) is
solved by the trivial root, the sound velocity eq. (19) is
easily found
c2s =
∂P
∂∆
∂ρ
∂∆
=
1
3
, T > Tc. (65)
To analyze the temperature dependence of the sound ve-
locity in the ordered phase, given by eq. (21), we use eq.
(52) to derive
d log κm
d log∆
=
3− 2λκ∆ cot 2λκ∆
1− 2λκ∆ cot 2λκ∆ +
d logI1/2(κ)
d log κ
∣∣∣∣∣
κ=κm
. (66)
At small κ the above parameter grows as
d log κm/d log∆ ∝ 1/κ2 log κ. However some can-
cellations in (21) occur, and c2s does not vanish at
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T → T−c , but has a discontinuity. After some ma-
nipulations a very simple result for the limit can be
found:
c2s =
7
31
= 0.2258 , T → T−c . (67)
Using our formulas for the speed of sound deep in the
ordered phase, one can recover the result of the classical
ideal gas:
c2s ≈
T
m
, T ≪ Tc . (68)
which can be also written (see eq. (62)) as
c2s ≈
2λT
πM
, T ≪ Tc . (69)
Since c2s > 0 at all temperatures, the model is stable
with respect to the density fluctuations in the massless
and massive phases, including the metastable tempera-
ture range T < T◦ < Tc, where wϕν < 0. The numerical
results for the speed of sound are shown in Fig. 15.
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FIG. 15. Temperature dependence of the speed of sound c2s
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To apply the oscillating potential for our Universe we
need the current DE density to agree with the observed
value ρnowϕν ∼ O(M4) with M ∼ 10−3 eV. We identify
the current temperature of the Universe with the cosmic
background radiation temperature
Tnow = 2.275 K = 2.4× 10−4 eV. (70)
The critical temperature Tc = 2M , given by (54) with
λ = 1 and NF = 3, thus we readily establish that the
present Universe is in the regime T ≪ Tc.
As was discussed above, in this regime the fermionic
contribution is exponentially small, and and the field set-
tles in the minimum ϕ = πM/2λ to yield
F (ϕ)|today ≃ FR(πM/2λ) ≃M4 . (71)
Thus, at the present time the energy density
ρnowϕν ≃M4 (72)
acts essentially as a cosmological constant with
P nowϕν ≃ −M4 and wϕν = −1 , (73)
and the mass parameter
M = 2.31× 10−3 eV . (74)
The present mass of neutrinos is obtained to be
mnow = ϕnow ≈ πM
2λ
= 3.6× 10−3 eV . (75)
Note that without exponentially small fermionic contri-
butions, the global minimum of the scalar field ϕ =
πM/2λ would become just one of the infinitely degen-
erate minima of the oscillating potential (50).
As for the potentials above, we plot the relative energy
densities and the equation of state parameter of the en-
tire Universe in Figs. 16 and 17, respectively. With the
parameters chosen, the critical point Tc = 4.62×10−3 eV
corresponds to the redshift
1 + zc =
Tc
Tnow
≈ 19.3 . (76)
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FIG. 16. The relative densities of photons, matter, and the
ϕν fluid as a function of redshift for the case of the oscillating
potential, and as before, z⋆ ≈ 0.38 and zc ≈ 18.3 denote
respectively the epoch of matter-DE equality, and the time at
which the temperature falls below Tc. As for the case of the
inverse exponent potential, the late time evolution of the Ω’s
are consistent with the observed evolution of the Universe.
These plots along with other results of this subsection
confirm that oscillating potential in eq. (50) is a consis-
tent choice for the MaVaN scenario.
VI. Conclusions and future directions
This paper extends the earlier work of Chitov et al. [41]
by exploring the MaVaN model of Fardon, Nelson, and
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FIG. 17. Equation of state parameter for the entire Universe
as a function of redshift for the oscillating potential; again w
at the present time is below −1/3, leading to the accelerated
expansion of the Universe.
Weiner [37] for more quintessence potentials. The anal-
ysis is performed in the framework of thermal quantum
field theory to derive a self consistent formalism for the
generation of neutrino masses by starting with massless
Dirac fermions coupled to scalar field DE. It is shown
for several potentials, in line with the results [41] for
the Ratra-Peebles potential, that the mass equation has
a nontrivial equilibrium solution in certain temperature
ranges (phases). The key results of the MaVaN model as
presented here are: it is able to self-consistently gener-
ate neutrino masses and reproduce the observed late-time
evolution of the Universe, asymptotically close to that of
the ΛCDM model, which is the Standard Model of cos-
mology.
In this work, we have looked at the Ferreira-Joyce po-
tential (26), the inverse exponent potential (40), and the
oscillating potential (50). For the first two potentials the
temporal evolution of the solution of the mass equation is
qualitatively similar to that for the Ratra-Peebles poten-
tial – it grows smoothly from 0 to the critical value at the
point of the first-order phase transition. The Universe
undergoes the following transition: the former minimum
of the thermodynamic potential at a finite value of the
quintessence field becomes an unstable inflection point,
and the Universe evolves towards the doomsday vacuum
at ϕ =∞ (Λ-term). The thermal (temporal) evolution of
the Universe around the stable minimum before the tran-
sition point is analyzed by the methods of equilibrium
thermal theory, while after the transition the dynamics
is described by the equations of motion. In both cases
the ϕν model is coupled to the Friedmann equations.
The Ferreira-Joyce potential can be ruled out vis-a`-vis
the MaVaN model based on the late time cosmological
evolution of the ϕν fluid. We see from eq. (37) that after
the phase transition, this fluid behaves like a pressureless
matter component with an equation of state parameter
wϕν = 0. This is also clearly seen in Figs. 5 and 6. Even
though the mechanism can generate acceptable neutrino
masses at the present time for a range of the parameter
λ, it cannot lead to the currently observed accelerated
expansion of the Universe. However, this suggests that
the Ferreira-Joyce potential in the context of a MaVaN
like scenario can turn out be a useful model for DM.
We defer further investigation to a future work. On the
contrary, the inverse exponent potential (40) passes these
hurdles and is qualified as a viable DE potential for the
consistent MaVaN scenario, along with the RP potential
from the earlier work [41]
The oscillating potential in eq. (50) turns out to be
another consistent candidate for the MaVaN scenario.
The latter, however has a qualitatively different behav-
ior compared to the case of the exponential or the RP
potentials:
• Contrary to other potentials which have two ad-
justable parameters each, the periodic potential is
able to reproduce the observable data with a single
(mass) parameter.
• In the range of parameters we are interested in,
this potential results in a virtually continuous phase
transition of the Universe at the critical point.
• Neutrinos are massless in the high-temperature
phase until quite late times zc ≃ 18.
• After the phase transition the Universe does not
lose stability, but smoothly evolves into a new
global minimum, which remains stable at all times
t > tc.
• Sufficiently far away from the transition point T ≪
Tc, this minimum becomes infinitely degenerate, up
to exponentially small fermionic corrections, sug-
gesting then that quantum fluctuations could trig-
ger tunneling to other minima, leading to finite
jumps of the neutrino mass.
There is also another important difference in the Ma-
VaN scenarios for these potentials. The instability after
the critical point of the strong first-order transition pre-
dicts strong growing fluctuations of the neutrino density
(neutrino clumps or clustering). The growing neutrino
fluctuations have been studied in the literature quite ac-
tively [39, 40, 47–50, 52–55]). However, to the best of our
knowledge, there are no unequivocal experimental data
which confirm or defy their existence. The present re-
sults for the oscillating potential (one can search also for
the other ones with qualitatively similar model’s behav-
ior) open an interesting possibility to explore the MaVaN
scenarios of two kinds: one with the instabilities and neu-
trino clustering, and the second one without these two
phenomena. More work, especially numerical, needs to
be done to fully explore the observable effects of these
types of the MaVaN models on the expansion history of
the Universe.
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The models considered here are toy models of a single
fermionic species coupled to the scalar field with differ-
ent potentials. To get more realistic, we need to incor-
porate mass-varying neutrinos of different flavors in the
Lagrangian of the Standard Model. A very preliminary
work in this directions was done earlier by one of us in
[56]. For each flavor of neutrinos the Lagrangian contains
the left- and right-handed components of the Dirac field
ψ as LD = mDψ¯RψL + h.c., with the Dirac mass due
to the Yukawa coupling to the neutral Higgs scalar, i.e.,
mD = gD〈H〉. In addition one can assume the existence
of the right-handed Majorana neutrinos with mass mR
and a mass term,
LM = 1
2
mRψ¯
c
RψR + h.c. , (77)
where the charge conjugation is defined as ψcR = −ıγ2ψ∗R.
In the spirit of the MaVaN scenario, it was proposed [56]
that the origin of the Majorana neutrino mass is due to
the coupling to the DE (quintessence), i.e., mR = g〈ϕ〉.
This proposal was first put forward by Shaposhnikov and
collaborators [57, 58] in the framework of the so-called
ν-Minimal Standard Model (νMSM) extension. The dif-
ference is that in the νMSM extension the right-handed
neutrinos get their masses through the coupling to the
inflaton field, and not the quintessence. The well-known
seesaw mechanism [59] for the Dirac-Majorana action
LD+LM leads to two eigen-masses of Majorana fermions
for each generation of neutrino. The light particle is natu-
rally identified with conventional (active) neutrino, while
the heavy particle with a large mass eigen-value is a can-
didate for the DM particle (sterile neutrino).
It is an important direction for future work to extend
the preliminary results for the RP potential, as obtained
in Ref. [56], to the other DE candidates, and, more im-
portantly, to carry out detailed analysis of such MaVaN
extensions of the Standard Model during the whole ther-
mal history of the Universe. The problem of abundance,
masses and the life-time of the DM particles would re-
quire more advanced quantum-field theoretic methods to
apply [60, 61].
It has been pointed out many times in the literature
that too many scalar fields are not very natural. There
have been efforts to relate, e.g., the Higgs field to infla-
ton [60, 61]. It is quite plausible that the inflaton and
quintessence represent the same physical field analyzed
at the different regimes of the Universe evolution. In this
context it is very tempting to advance the present Ma-
VaN theory back in time in the effort to incorporate the
inflation.
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A. Appendix: The Ratra-Peebles Potential
In this section, we briefly review the application of the
FNW model to the Ratra-Peebles (RP) potential, due to
CANK, with a few changes in notation. This potential
corresponds to [17],
U(ϕ) =
Mα+4
ϕα
(A1)
for some mass scale M , and α > 0. In terms of dimen-
sionless quantities in eq. (12), the mass equation eq. (10)
becomes,
απ2
2NF
gα∆α+4 = κα+2I 1
2
(κ) . (A2)
The mass of the fermion will be Tκm, where κm solves eq.
(A2); this solution is the minimum of the thermodynamic
potential,
FR = g
α
(
∆
κ
)α
− 2NF
3π2∆4
I 3
2
(κ) . (A3)
This is plotted in Fig. 18 for various values of ∆.
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FIG. 18. Temporal evolution (from (a) to (d)) of the ther-
modynamic potential. The stable solutions of eq. (A2) are
indicated by big filled dots.
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With appropriate approximations, the critical point is
obtained to be,
κc ≡ ν ≈ 5
2
+α, ∆c =
(√
2NF
απ3/2
ννe−ν
)1/(α+4)
. (A4)
After the phase transition, the equilibrium methods no
longer apply and we have to go beyond the saddle point
approximation and solve the full equation of motion,
ϕ¨+ 3Hϕ˙ = −∂U
∂ϕ
− ρs,c
(ac
a
)3
, (A5)
where,
ρs,c ≈ αM3
(
∆c
ν
)α+1
(A6)
and a is the scale factor of the Universe related to the
redshift z by a = (1 + z)−1, and the evolution of a is
given by the Friedmann equations. It is seen [41] that
the exact numerical solution oscillates around the mean
solution,
ϕ¯ = ϕc
(
1 + zc
1 + z
)3/(α+1)
,
ρϕ¯ = ρϕ,c
(
1 + z
1 + zc
)3α/(α+1)
,
(A7)
where,
ϕc ≈ ν
∆c
M, ρϕ,c ≈
(
∆c
ν
)α
M4 . (A8)
From the above, we can relate M to other quantities,
M =
(
ναρϕ,now
)(α+1)/(α+4)
∆−αc T
−3α/(α+4)
now . (A9)
The mass of the neutrinos is calculated as m(t) = ϕ¯(t);
in Tab. II of CANK, the values today are tabulated for
various values of α. The mass ranges from O(0.01 eV) to
O(10 eV).
B. Appendix: Mathematical calculations for the
inverse exponent potential
In this section, we present some more detailed calcula-
tions for the inverse exponent potential. For that choice
of U(ϕ) the normalized thermodynamic potential is given
by eq. (41), and the fermion mass is determined by the
minimum equation eq. (42).
With the large κ approximation we get,
I∆(κ) ≈
√
π
2
κ7/2 e
−κ
(
1+ ∆
κ2λ
)
. (B1)
This function is maximized, for a particular ∆, at κ∆m
(i.e., I ′∆(κ∆m) = 0) where,
κ∆m =
7
4

1 +
√
1 +
(
4
7
)2
∆
λ

 . (B2)
We see that κ∆m > 7/2 for all values of ∆/λ. The
critical value of ∆, i.e., ∆c, is the solution of,
π2
2NFλ
∆5 =
√
π
2
(κ∆m)
7/2 e
−κ∆m
(
1+ ∆
(κ∆m)
2λ
)
, (B3)
where κ∆m is given by eq. (B2). The extremum condition
I ′∆(κ∆m) = 0 gives us −κ∆m
(
1 + ∆(κ∆m)2λ
)
=
7
2
− κ∆m, and
thus eq. (B3) can be rewritten as,
π2
2NFλ
∆5
√
2
π
(
2
e
)7/2
= (2κ∆m)
7/2e−2κ
∆
m . (B4)
Let us call the LHS of eq. (B4) as C , and the RHS as
f(2κ∆m). The function f(ξ) has a maximum at ξmax =
7
2 ,
giving a maximum value of f(ξmax) =
(
7
2e
)7/2 ≈ 2.422.
Now we have seen above that κ∆m >
7
2 (meaning ξ > 7);
this implies,
π2
2NFλ
∆5c
√
2
π
(
2
e
)7/2
<
(
7
2e
)7/2
, (B5)
giving us an upper cap on ∆c,
∆c <
[
λNF
(
7
4
)7/2(
2
π3
)1/2]1/5
. (B6)
Eq. (B4), written as f(ξ) = C , can be solved as,
ξ = −7
2
W
(
−2
7
C
2/7
)
, (B7)
where W (x) is the Lambert W function. We can also
write eq. (B4) as,
ξ − 7
2
log ξ = − logC ≡ u , (B8)
which can be inverted to give,
ξ ≃ u
[
1 + log u
{
7
2u
+
(
7
2u
)2
+ · · ·
}]
= − logC
×
[
1 + log
(− logC )
{
− 7
2 logC
+
(
7
2 logC
)2
+ · · ·
}]
.
(B9)
We know that,
C =
π2
2NFλ
∆5
√
2
π
(
2
e
)7/2
= A
∆5
λ
, (B10)
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where A = 8pi
3/2
NF e7/2
= 0.448397 with NF = 3. Let us write
the solution in eq. (B9) as a function ω,
κ∆m = ω (C ) = ω
(
A
∆5
λ
)
. (B11)
Comparing with eq. (B2), we get,
ω2 − 7
2
ω − ∆
λ
= 0 . (B12)
We expect λ≫ 1 (since U ∼ M4), and therefore C ≪ 1
(see eq. (B10)); and we can thus approximate,
ω (C ) ≃ −1
2
logC . (B13)
This tells us that ∆λ ≪ ω, ω2, and thus from eq. (B12),
we get ω ≃ 72 . From eq. (B13), we finally get the critical
∆,
∆c ≃
(
λ
A
)1/5
e−7/5 . (B14)
Binomially expanding eq. (B2), and putting in the ex-
pression for ∆c, we finally get,
κc =
7
2
+
2
7
e−7/5
(λ4A)1/5
. (B15)
The expression for the mass of the scalar can be writ-
ten,
mϕ
M
=
(
∆
κm
)2
Λ e∆/2κmΛ
√
1 +
2κmΛ
∆
, (B16)
where as before, κm solves the mass equation eq. (42).
After the Phase Transition
The scalar fermion density can is obtained from the
solution for the evolution equation for ϕ after the tran-
sition,
ρs
M3
=
(
∆
κ
)2
e∆/κλ
λ
. (B17)
From eqs. (B14) and (B15), we get,
∆c
κc
=
λ
2
7
+
7
2
e7/5(aλ4)1/5
. (B18)
So, the scalar density at the critical point is given by,
ρs,c
M3
=
λ
S2
e1/S , (B19)
where S = 27 +
7
2e
7/5(aλ4)1/5. Similarly, the critical en-
ergy density is given by,
ρϕ,c
M4
= e1/S . (B20)
The neutrino mass today is thus calculated to be,
mnow = ϕnow =
M
λ
1
log
ρϕ,now
M4
, (B21)
and get an estimation of M ,
M =
S2e−1/Sρϕ,now
(Tnow∆c)3
log2
ρϕ,now
M4
. (B22)
[1] M. Tanabashi et al. (Particle Data Group),
Phys. Rev. D98, 030001 (2018).
[2] N. Aghanim et al. (Planck), (2018),
arXiv:1807.06209 [astro-ph.CO].
[3] M. Aker et al. (KATRIN), (2019),
arXiv:1909.06048 [hep-ex].
[4] R. N. Mohapatra and A. Y. Smirnov, Elemen-
tary particle physics. Proceedings, Corfu Summer
Institute, CORFU2005, Corfu, Greece, September
4-26, 2005, Ann. Rev. Nucl. Part. Sci. 56, 569 (2006),
arXiv:hep-ph/0603118 [hep-ph].
[5] S. K. Kang, Int. J. Mod. Phys. A34, 1930005 (2019),
arXiv:1904.07108 [hep-ph].
[6] K. N. Abazajian, Phys. Rept. 711-712, 1 (2017),
arXiv:1705.01837 [hep-ph].
[7] S. F. King, Prog. Part. Nucl. Phys. 94, 217 (2017),
arXiv:1701.04413 [hep-ph].
[8] S. F. King, J. Phys. G42, 123001 (2015),
arXiv:1510.02091 [hep-ph].
[9] S. Capozziello, S. Carloni, and A. Troisi, Recent Res.
Dev. Astron. Astrophys. 1, 625 (2003).
[10] S. Nojiri and S. D. Odintsov,
Phys. Rev. D68, 123512 (2003),
arXiv:hep-th/0307288 [hep-th].
[11] S. M. Carroll, A. De Felice, V. Duvvuri,
D. A. Easson, M. Trodden, and M. S.
Turner, Phys. Rev. D71, 063513 (2005),
arXiv:astro-ph/0410031 [astro-ph].
[12] A. Joyce, L. Lombriser, and F. Schmidt,
Ann. Rev. Nucl. Part. Sci. 66, 95 (2016),
arXiv:1601.06133 [astro-ph.CO].
[13] A. Slosar et al., (2019), arXiv:1903.12016 [astro-ph.CO].
[14] P. J. E. Peebles and B. Ra-
tra, Rev. Mod. Phys. 75, 559 (2003),
arXiv:astro-ph/0207347 [astro-ph].
[15] R. R. Caldwell and M. Kamionkowski,
Ann. Rev. Nucl. Part. Sci. 59, 397 (2009),
arXiv:0903.0866 [astro-ph.CO].
16
[16] A. Silvestri and M. Trodden,
Rept. Prog. Phys. 72, 096901 (2009),
arXiv:0904.0024 [astro-ph.CO].
[17] B. Ratra and P. J. E. Peebles, Phys. Rev. D37, 3406
(1988).
[18] B. Ratra and P. J. E. Peebles, Astrophys. J. 325, L17
(1988).
[19] C. Wetterich, Nucl. Phys. B302, 668 (1988).
[20] R. R. Caldwell and E. V. Linder, Phys. Rev. Lett. 95
(2005).
[21] R. R. Caldwell, Phys. Lett. B545, 23 (2002).
[22] R. J. Scherrer and A. A. Sen,
Phys. Rev. D78, 067303 (2008),
arXiv:0808.1880 [astro-ph].
[23] S. Dutta and R. J. Scher-
rer, Phys. Lett. B676, 12 (2009),
arXiv:0902.1004 [astro-ph.CO].
[24] K. J. Ludwick, Mod. Phys. Lett. A32, 1730025 (2017).
[25] L. Amendola and S. Tsujikawa, Dark Energy (Cambridge
University Press, 2015).
[26] A. H. Guth, Phys. Rev. D23, 347 (1981).
[27] A. A. Starobinsky, Phys. Lett. 117B, 175 (1982).
[28] A. D. Linde, QUANTUM COSMOLOGY, Phys. Lett.
108B, 389 (1982).
[29] D. Baumann and H. V.
Peiris, Adv. Sci. Lett. 2, 105 (2009),
arXiv:0810.3022 [astro-ph].
[30] J. Martin, C. Ringeval, and V. Ven-
nin, Phys. Dark Univ. 5-6, 75 (2014),
arXiv:1303.3787 [astro-ph.CO].
[31] L. Senatore, Proceedings, Theoretical Advanced Study In-
stitute in Elementary Particle Physics: New Frontiers
in Fields and Strings (TASI 2015): Boulder, CO, USA,
June 1-26, 2015, , 447 (2017), arXiv:1609.00716 [hep-th].
[32] O. Avsajanishvili, Y. Huang, L. Samushia, and
T. Kahniashvili, Eur. Phys. J. C78, 773 (2018),
arXiv:1711.11465 [astro-ph.CO].
[33] G. R. Farrar and P. J. E. Pee-
bles, Astrophys. J. 604, 1 (2004),
arXiv:astro-ph/0307316 [astro-ph].
[34] M. Kawasaki, H. Murayama, and T. Yanagida,
Mod. Phys. Lett. A7, 563 (1992).
[35] D. Comelli, M. Pietroni, and A. Ri-
otto, Phys. Lett. B571, 115 (2003),
arXiv:hep-ph/0302080 [hep-ph].
[36] H. E. S. Velten, R. F. vom Marttens, and
W. Zimdahl, Eur. Phys. J. C74, 3160 (2014),
arXiv:1410.2509 [astro-ph.CO].
[37] R. Fardon, A. E. Nelson, and
N. Weiner, JCAP 0410, 005 (2004),
arXiv:astro-ph/0309800 [astro-ph].
[38] R. D. Peccei, Phys. Rev. D71, 023527 (2005),
arXiv:hep-ph/0411137 [hep-ph].
[39] N. Afshordi, M. Zaldarriaga, and
K. Kohri, Phys. Rev. D72, 065024 (2005),
arXiv:astro-ph/0506663 [astro-ph].
[40] M. Kaplinghat and A. Rajara-
man, Phys. Rev. D75, 103504 (2007),
arXiv:astro-ph/0601517 [astro-ph].
[41] G. Y. Chitov, T. August, A. Natarajan, and T. Kahni-
ashvili, Phys. Rev. D83, 045033 (2011).
[42] S. Dodelson, Modern Cosmology (Academic Press, San
Diego, 2003).
[43] S. Weinberg, Cosmology (Oxford University Press, New
York, 2008).
[44] J. I. Kapusta and C. Gale, Finite-temperature field the-
ory: Principles and applications (Cambridge University
Press, 2011).
[45] L. H. Ryder, Quantum Field Theory (Cambridge Univer-
sity Press, 1996).
[46] P. G. Ferreira and M. Joyce,
Phys. Rev. D58, 023503 (1998),
arXiv:astro-ph/9711102 [astro-ph].
[47] M. Baldi, V. Pettorino, L. Amendola, and C. Wet-
terich, Mon. Not. Roy. Astron. Soc. 418, 214 (2011),
arXiv:1106.2161 [astro-ph.CO].
[48] Y. Ayaita, M. Weber, and C. Wet-
terich, Phys. Rev. D85, 123010 (2012),
arXiv:1112.4762 [astro-ph.CO].
[49] Y. Ayaita, M. Baldi, F. Fuhrer, E. Puchwein,
and C. Wetterich, Phys. Rev. D93, 063511 (2016),
arXiv:1407.8414 [astro-ph.CO].
[50] S. Casas, V. Pettorino, and C. Wet-
terich, Phys. Rev. D94, 103518 (2016),
arXiv:1608.02358 [astro-ph.CO].
[51] L. D. Landau and E. M. Lifshitz, Statistical Physics, Part
1 (Elsevier, 2013).
[52] J. Valiviita, E. Majerotto, and R. Maartens,
JCAP 0807, 020 (2008), arXiv:0804.0232 [astro-ph].
[53] B. M. Jackson, A. Taylor, and
A. Berera, Phys. Rev. D79, 043526 (2009),
arXiv:0901.3272 [astro-ph.CO].
[54] I. Sawicki, I. D. Saltas, L. Amendola, and M. Kunz,
JCAP 1301, 004 (2013), arXiv:1208.4855 [astro-ph.CO].
[55] M. B. Gavela, D. Hernandez, L. Lopez Honorez, O. Mena,
and S. Rigolin, JCAP 0907, 034 (2009).
[56] G. Y. Chitov, Proceedings, 20th International Work-
shop on High energy physics and quantum field the-
ory (QFTHEP 2011): Sochi, Russia, September
24-October 1, 2011, PoS QFTHEP2011, 074 (2013),
arXiv:1112.4798 [hep-ph].
[57] T. Asaka and M. Shaposh-
nikov, Phys. Lett. B620, 17 (2005),
arXiv:hep-ph/0505013 [hep-ph].
[58] T. Asaka, S. Blanchet, and M. Sha-
poshnikov, Phys. Lett. B631, 151 (2005),
arXiv:hep-ph/0503065 [hep-ph].
[59] S. M. Bilenky and S. T. Petcov,
Rev. Mod. Phys. 59, 671 (1987).
[60] F. L. Bezrukov and M. Shaposhnikov,
Phys. Lett. B659, 703 (2008), arXiv:0710.3755 [hep-th].
[61] M. Shaposhnikov and I. Tkachev,
Phys. Lett. B639, 414 (2006),
arXiv:hep-ph/0604236 [hep-ph].
